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A higher-order viscous-shock-layer method has been developed and is used to obtain physically consistent results
under varying degrees of low-density conditions for perfect-gas and nonequilibrium flows past slender bodies. The
method of solution is a spatial-marching, implicit finite-difference technique, which employs a Vigneron pressure
condition in the subsonic nose region. Higher-order body and shock slip conditions are employed with the method to
obtain solutions for the low-density flows. Detailed comparisons with the direct simulation Monte Carlo method and
Navier-Stokes calculations clearly show that the higher-order terms included in the HVSL equations are required
to predict comparable values of surface pressure and heat transfer rate at higher altitude. The deficiency of the
standard viscons shock-layer method in predicting low-density flows can not be corrected by the slip conditions
alone as considered by earlier researchers.

Nomenclature R* = universal gas constant, 4.968 x 10*

A* = local cross-sectional area, ft? Ibm - ft* /s Ib-mole -°R
Co = total drag coefficient based on the local Ry = nose radius, ft

cross-sectional area, 2 drag/(o%, UX?A*) Reo = Reynolds number, o, UJ R} /13,
Cu = heat-transfer coefficient,2g* /(0% UX3) r = radius of the body surface, r*/R},
C; = mass fraction of species i s = coordlnatf me*asured along the body
C, = pressure coefficient, 2p*/(p% U2 surface, s*/ RN* i
¢, = frozen specific heat of mixture, Y, C;Cp; ; - tg{gpecr‘iture;l{ /T
Cpi = specific heat of species i, C; ,/C; ., ref " oo/ Cp.oor )
Croo = freestream specific heat, Btu/lbm -°R Us = freestream velocity, ft/s
D; = binary diffusion coefficients u = velocity cgmpi)nent tangent to body
g = stretching function surface, u*/Ug,
H = total enthalpy, h + u2/2 v = velocity cc*)mp*onent normal to body
h = enthalpy of mixture,y , Cih; surface, v / Us .
hy, hs = shape factors defined by Eq. (A12) w = dummy variable us?d inEq. (1)
h; = enthalpy of species i, i/ U2 w; = mass rate of formation of species,
K = thermal conductivity of mixture, : i, iRy / (P:o Us) .

K*/(aC o) X; = mole fraction of species l
Kn = Knudsen number, A* /R, o ’ = shock angle defined in Fig. 2
Le = binary Lewis number, p*D,C*/K* o, 0z, 3, @3, &ty = coefficient in Eq. (1)
My = freestream Mach number *f = angle defined n Fig. 2 .,
M; = molecular weight of species i, lbm/Ib-mole Ah; f l;{eat otigormaut())n of species I, Buw/Ibm
M* = molecular weight of mixture, lbm/Ib-mole ¢ B ( e*yno *S;l:l ?* e}'/garameter,
N; = number of reacting species _ " fe‘éfo oo Usc Ry) d alone the bod
n = coordinate measured normal to the body, § - zgff;cl:a;e measured along the body

/Ry RSN 7] = transformed n coordinate n/ng,
P = Pressure, p*/ (0L, Us n = transformed 7 coordinate, g(ij)
Pr = Prandtl number 5 6 = body angle defined in Fig. 2
Qu = wall heat-transfer rate, g, /(03 U%) P = body curvature, £* R},

AX = mean free path, ft

= mixture viscosity, pu*/pre
= reference viscosity, u*(73;), Ibm/ft-s
= density of mixture, p*/p%
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Superscripts
* = dimensional quantity
~ = shock-oriented velocity components
- = quantity divided by its correspoding shock
value
/ = total differential with respect to &
Introduction

RANSATMOSPHERIC vehicles (TAV), which employ air-

breathing propulsion,' will traverse a large range of Reynolds
numbers and Mach numbers during both ascent and descent. These
vehicles are typically slender with small leading edges. While the
high-Reynolds-number and high-Mach-number conditions at low
altitudes are critical to the design process, the high-altitude (low-
density) flight conditions can also be important.

The influence of low-density nonequilibrium chemistry on the
slender-body aerodynamics and the aerothermal issues can be im-
portant for maneuvers or cruise at high altitudes. The small leading
edges will experience large convective heating rates, and the reduc-
tion in the resulting high temperatures may be achieved by active
cooling. The weight of the coolant required can be substantial and ul-
timately can result in lower payload weights. Therefore, the accurate
prediction of the aerothermal conditions over the entire Reynolds-
number range is obviously important. A perfect-gas viscous-shock-
layer (VSL) analysis with shock and body slip was employed in Ref.
2 to investigate the low-density effects on slightly blunted slender
bodies. An interesting result of this investigation was that the stan-
dard. VSL ‘equations® do not properly model the flowfield physics
at lower densities even with surface and shock slip conditions. This
problem has been attributed to the fact that the VSL equations do not
contain the necessary viscous terms in the normal momentum equa-
tion. The trend of predicted stagnation-point pressure-coefficient
values in comparison with the resuits obtained from a Navier-Stokes
(NS) solution” was shown to be physically inconsistent at higher al-
titudes. The influence of a nonequilibrium chemistry assumption
(for the flowfield chemistry) on the stagnation-point heating com-
pared with an equilibrium air condition was presented in Ref. 4. This
analysis, however, did not provide the nonequilibrium comparisons
with slip condition at lower densities.

This investigation presents a solution of the modified VSL equa-
tions that retain additional higher-order terms (HOT) in the normal
momentum and energy equations and provide physically consistent
results similar to a NS calculation. These higher-order terms, al-
though of a lower order of magnitude then the VSL terms, have
been retained in order to increase the accuracy in the caculation
of pressure and temperature through the layer at low densities (or
Reynolds numbers). Further, these terms, even though not needed
in a VSL analysis, are also retained for the purpose of extending
the viscous-layer calculation to the merged-layer regime, where the
shock thickness must be taken into consideration (either through the
shock-slip relations or by integrating through the shock transition
zone to freestream).

The advantage of employing the higher-order viscous-shock-
layer (HVSL) equations is that significantly lower computer time
and storage is required with these equations than with a NS solution.
This improvement is very desirable in a conceptual or preliminary
design process, where many trajectory points must be analyzed.
The accuracy of the HVSL results is established by detailed com-
parisons with the NS calculations. Comparisons are also provided
with the direct simulation Monte Carlo (DSMC) method and with
the existing VSL method to note the current improvements for low-
density flows.

Overview of the Flowfield Equations and
Solution Method

Solution of the complete NS equations with wall slip conditions
is required to obtain physically consistent resulis® from a continuum
analysis under low-density (high-altitude) flight condltlcms How-
ever, due to the large computer resource requirement for a full NS
solution,® it is advantageous (also from a numerical point of view)
to seek more efficient and equally accurate solutions. The “parab-
olized” form of these equations offers such an option, since the
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Fig. 1 Flow regimes and flowfield equations versus stagnation post-
shock Reynolds number.

least-difficult partial differential equations to solve numerically (es-
pecially, for long slender bodies) are the parabolic ones. Therefore,
as far as the numerical solutions are concerned, once the equations
are made parabolic or quasi-parabolic, there is no numerical ad-
vantage to further simplification. The parabolic partial differential
equations can be solved very efficiently by a spacemarching method
with much less computer resources (both storage and time) than for
typical NS solvers, which are basically elliptic in character.

The HVSL equations employed in this study are a parabolized
form of the NS equations. For an axisymmetric body at 0-deg angle
of attack, they are similar to the parabolized Navier-Stokes (PNS)
equations.” They fall between the NS and VSL equations and differ
from the VSL equations in that they retain viscous diffusion and cur-
vature terms in the normal momentum equation. Figure 1 illustrates
the limits of applications of the various flowfield equations in dif-
ferent flow regimes. This classification is based on stagnation-point
heating comparisons with flight data and is adapted from Probstein.®

The HVSL equations do not require a starting solution, but need
an input shock shape similar to the VSL equations.’ Further, they
are self-starting and provide a solution over the subsonic nose re-
gion through a globally iterative procedure (similar to the one used
for the VSL equations). The HVSL (as well as the VSL ) solutions
presented here are obtained with high-order surface boundary condi-
tions, which become important at higher altitude. These high-order
boundary conditions were not included in the results of Ref. 2.

Analysis

Governing Equations

The conservation equations employed in this analysis are the
steady, perfect-gas, and nonequilibrium form of the HVSL equa-
tions for an axisymmetric body at 0-deg angle of attack (see Fig. 2).
These equations in the orthogonal, body-oriented transformed co-
ordinates and normalized form are given here. The second-order
partial differential equations are written in the form

(d*g/di®) + a1 (dg/dip) dW

3n (dg/dip)? 3
T % + o W o)
(dg/di)? (dg/di)? = (dg/di)? 88

where dg/d7j and d?g/d#i? are the first and second derivatives of the
stretching function g (7) given in Ref. 9. The quantity W represents
# in the s-momentum equation and T and H in the energy equation
for nonequilibrium and perfect gas, respectively. The coefficients
o) to a4 are given in the Appendix. The remaining equations are
written in the following form:

1) Global continuity:

d M* pu dg\ 9 M pv
h — |+ = hs|h = —
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3) Equation of state:
p = pT(M/ M) ®)
Since the global continuity equation (2) and the normal momen-
tum equation (3) are solved in a coupled way for p and v, Eq. (3)
is reduced to a first-order equation in v by eliminating 8%v/85? in

the higher-order terms (HOT) through the derivative of continuity
equation:
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Fig. 2 Coordinate system.

For perfect-gas flow, the species continuity equation is not needed,
and Eqgs. (1-6) can be used for such a flow with the assumption

M,
M,

=1 )

Boundary Conditions

The wall boundary conditions are those of Ref. 10. The slip
conditions for velocity, temperature, pressure, and species concen-
tration in a body-oriented coordinate system (used here) for two-
dimensional (2D) flows are provided in Appendix D of Ref. 10.
These may also be obtained from the 3D boundary conditions given
in body-oriented coordinates in Ref. 11.

The transformed shock conditions employed are

i=T=H=p=p=1 ®
and
Vg = gy tan (ot — 0) — ———o ©)
Psh cos(a — )

at 77 = 1. Note that for nonequilibrium flow, the species mass frac-
tions and the normal velocity are not normalized with their respective
shock values. The nondimensional form of the normal velocity is
solved for the perfect-gas case also.

The shock conditions in the nondimensional form are given in
Appendix B of Ref. 12. These may also be obtained from those
given in Ref. 11 for the 3D flows.

The shock slip conditions are the modified Rankine-Hugoniot re-
lations, which are obtained from the integration of one-dimensional
NS equations through the shock transition zone. The integra-
tion is carried out from the interface behind the shock transition
zone (where the usual Rankine-Hugoniot shock relations apply)
to freestream. Cheng!® first provided these shock-slip relations for
the stagnation region, and they were subsequently used by Blottner
et. al.* for a similar analysis. These relations are also applicable for
acurvilinear shock if the shock thickness is much less than the radius
of curvature of the shock.!> The present shock-slip equations can
be employed for both stagnation-point and downstream shock-layer
analysis with a similar shock-thickness limitation.

Chemical Kinetics, Thermodynamic, and Transport Properties

The details of the nonionized five-species (O, N, O;, Ny, and
NO) air chemical kinetics, thermodynamic, and transport properties
employed in this study are given in Ref. 16. A variable Prandtl
number has been used in this study. The mixture viscosity is obtained
by using the Wilke relation (from Ref. 16), and the mixture thermal
conductivity is calculated using the formula of Mason and Saxena.!”
A constant value of 1.4 is employed for the Lewis number Le.

Method of Solution

The method used for solving the HVSL equations with slip con-
ditions is essentially the same as that described in Refs. 2 and 18.
This method is a spatial-marching, implicit, finite-difference tech-
nique, which includes coupling of the global continuity and normal
momentum equations and use of the Vigneron pressure condition’
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Fig. 3 Solution sequence with shock and body slip for nonequilibrium
flow chemistry (at body station m).

in the subsonic nose region. The second derivative of the normal
velocity 82v/8n? appearing in the HOT of the normal momentum
equation. (3) is eliminated through Eq. (6). The first derivative of
v (i.e., dv/9n) appearing in the higher-order terms is then com-
bined with the corresponding derivative terms on the left-hand side
of Eq. (3). Equations (2) and (3) are now solved simultaneously
through a coupled procedure®!® with the remainder of the HOT lag-
ging by a global pass. Figure 3 shows the solution sequence for
obtaining the nonequilibrium HVSL solutions with body and shock
slip at a given body station m. A similar sequence is employed for
the perfect-gas solutions except that no species concentration equa-
tions are to be soived and the energy equation is solved in terms of
H (in place of T).

Similar to the approaches of Refs. 5, 9, and 18, the stagnation-
point solution for the HVSL equations is obtained by expanding the
various flowfield quantities in terms of the distance £ along the body
surface. These series expansions reduce the partial differential equa-
tions (1-3) to ordinary differential equations in terms of 7. These
equations are then integrated normal to the surface with appropri-
ate shock and body slip conditions. The solution procedure®*1%
marches along the body beyond stagnation point using Eqs. (1-3).

The solution procedure for the HVSL equations is found com-
putationally more efficient and stable if the coupling between the
normal momentum and global continuity equations is implemented
through an iterative procedure (rather than a simultaneous solution)
over the subsonic nose region with the Vigneron condition. The si-
multaneous solution of the two equations is usually required beyond
the subsonic nose region, where the normal velocity becomes small
for slender bodies.

Results and Discussion

Numerical solutions of the HVSL equations for the low-density,
perfect-gas, nonequilibrium hypersonic flow over long slender bod-
ies with small leading edges are obtained. The higher-order surface
and shock slip boundary conditions are implemented in an implicit
finite-difference method used to solve the governing equations. De-
tailed comparisons with other predictions and experimental data for
the low-density hypersonic conditions are included for several con-
ditions. Results are also presented for the low-density segment of
an assumed entry trajectory considered earlier."*

Comparisons with Other Prediction Methods
Perfect-Gas Comparisons

A comparison of the HVSL results with those obtained from
the Langley Aerothermodynamic Upwind Relaxation Algorithm®
(LAURA) and VSL equations® ! is provided in Ref. 12. The predic-
tions are in quite good agreement. Both of these prediction methods
include similar higher-order terms in the normal momentum

equations as compared to those in the VSL method. These results
also quantify the role played by the higher-order terms under the
low-density flow conditions. The low-density effects are character-
ized by the Reynolds- number parameter >*¢ and become generally
significant'? for values of ¢ greater than 0.1.

The pressure and heat-transfer coefficients at different altitudes
are shown in Figs. 4a and 4b, respectively. The VSL and NS calcula-
tion results are similar to those of Ref. 2, except that the higher-order
terms (see Appendix D of Ref. 10) omitted in the body slip equa-
tions of Ref. 2 are included in the present results. The inclusion
of these terms does improve the trend of the pressure coefficient
at higher altitudes (compare the VSL predictions in Fig. 4a with
those given in Fig. 6a of Ref. 2). These values are still lower than
the NS calculations. Clearly, the higher-order terms included in the
HVSL equations are required to predict values comparable to the
NS results. Also, the VSL calculations with the body-slip constants
of Ref. 19 give values of C, which are considerably greater than
the NS calculated values (Fig. 4a). Further, the trend of C, values
predicted with the slip constants of Ref. 19 is quite different from
that of the NS (or HVSL) calculations with increasing altitude (or
decreasing density). It should be mentioned here that the body-slip
constants were modified in Ref. 19 to match the predicted wall pres-
sure distribution to experimental data. Obviously, as may be noticed
from Fig. 4a, the arbitrary values assigned in Ref. 19 to the body
slip constants are not applicable for the present comparisons. The
trend of the C, values with decreasing density as predicted by the
NS calculations in Fig. 4a is similar to that of the NS predictions of
Ref. 20, which compared C, values with the data of Ref. 21. The
VSL calculations (with the present body and shock slip conditions
as well as with the body slip conditions proposed in Ref. 19) pre-
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Fig. 4 a) Stagnation-point values of pressure coefficient versus Knud-
sen number and b) stagnation point values of heat-transfer coefficient
versus Knudsen number.
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Table 1 Flowfield conditions® and stagnation-point perfect-gas heat-transfer values

U* 4, Btw/ft?-s
o
ft/s My  Kne  HVSLP DSMC

18,394 200 0.0632 11320 118.15
5358 206 0.0012 9.30 8.50

Table 2 Freestream condition and other parameters® for an assumed

entry trajectory
Time, Altitude,  Density, Uy T Eor
s ft Tom/ft? fs. °R 1/v/Reps Knb, Mo

1140 290720 0.2727 x. 1076 24180 336 0525 0.3449 27.03
1200 263000 0.1113 x 10~ 24200 358 0260 0.0857 26.13

Do T, P,
Case atm °R Ibm/ft3
1 (Ref. 2) 0.2008 x 104 3520 0.2263 x 1073
2 (Ref.23)  0.2076 x 10~ 270 29123 x 107
2R}, =0.833 x 107" ft (Case 1), R}, = 0.4095 x 107! ft (case 2), Ty, = 540°R (cases 1, 2)
bWith shock and body slip.
150 -
1o5F Altitude = 263000 ft
~-—~ HVSL {no slip}
- - - HVSL (shock slip)
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ﬂz-s ——e— Navier-Stokes

100 Ry=01251t
- £20.26
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Fig. 5 Comparison of a) predicted surface pressure for nonequilib-

rium flow over a fully catalytic sphere and b) predicted surface heat
transfer rate for nonequilibrium flow over a fully catalytic sphere.

dict lower values of the heat-transfer coefficient than the NS and
HVSL calculations shown in Fig. 4b. Figures 4a and 4b highlight
the role played by the higher-order terms for high-altitude (or low-
Reynolds-number) flows. At lower altitudes (or higher values of the
Reynolds-number), the HVSL (and NS) predictions reduce to those
obtained by the VSL calculations as expected, and the higher-order
terms give a negligible contribution.

Some perfect-gas comparisons of the HVSL results with the direct
simulation Monte Carlo (DSMC) method?? are shown in Table 1.
Both of the calculations shown in this table are in the continuum
regime (Kno < 0.1). It is therefore believed that the HVSL heat-
transfer results are quite accurate for these two cases. The difference
between the HVSL and DSMC calculations is less than 5% for case
1 and less than 9% for case 2.

Nonequilibrium Flow Comparisons

Comparisons of results for nonequilibrium flow are shown in
Figs. 5 and 6. Both surface pressure and heat transfer results are
predicted to be the same from the HVSL (with shock slip) and
LAURA calculations. The VSL (with shock slip) results are once
again lower, due to the omission of high-order terms in the normal
momentum equation. Figures 5b and 6 also contain results from
the stagnation-region NS code.’ The NS method captures the shock
as part of the solution process, and hence shock slip is implicitly
accounted for in the results.

1330 225000 0.6167 x 1075 24020 402 0.110  0.0158 24.46
1440 225000 0.6167 x 107> 23740 402 0.110 0.0158 24.17
1680 225390 0.6193 x 10~ 23110 402 0.110 0.0158 23.51
1980 226000 0.6029 x 10~ 22350 400 0.111 0.0162 22.79
2280 211000 0.1102 x 1074 21330 420 0.082 0.0089 21.16
2640 198500 0.1813 x 1074 19490 440 0.064 0.0055 18.91
2820 190000 0.2504 x 10~* 18270 455 0.054 = 0.0040 17.47
3000 183500 0.3173 x 107% 16760 465 0.048 0.0032 15.86
3360 160600 0.7297 x 10~4 13910 487 0.032 0.0014 11.93

Ry = 0.1251t, M3, = 28.8621b/lb-mole, T* = 2260°R, xn, = 0.789, xo, = 0.211.
DKoo = Mo/ Ry Mo = (T5/ Te* /(@ = )T @ — 0)2n* a2 )

T* = 5184°R, d%, = 1.011 x 107 fi (for N,), o, = 7d?2,5s = 0.73, 0 =5 — }.
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Fig. 6 Comparison of stagnation streamline temperature profiles for
a fully catalytic surface.

As expected, the HVSL (with shock slip), LAURA, and NS code
of Ref. 5 give almost the same stagnation-point heat-transfer values
as shown in Fig. 5b. All the three methods contain similar significant
higher-order terms in the normal momentum equation. The influ-
ence of the shock slip boundary condition on the flowfield struc-
ture is highlighted with the stagnation-temperature profile shown in
Fig. 6. The importance of shock slip is clearly shown in this figure.
The HVSL method computes to a shock boundary, whereas the NS
method® integrates to the freestream.

Stagnation-Point Heating Rates and Pressure Coefficients for an
Entry Trajectory

For an assumed entry (see Table 2) similar to that presented in
Refs. 1 and 4, the predicted stagnation-point heating-rate histories
are presented in Figs. 7a and 7b from the VSL and HVSL methods,
respectively. These calculations are for nonequilibrium flow with
three different surface conditions, a nose radius of 0.125 ft, and a
wall temperature of 2260°R. In both Figs. 7a and 7b, the slip (or
low-density) effects (which produce lower heating) are present in
the trajectory prior to a time of 3000 s (or altitudes greater than about
183,500 ft). These slip effects are maximum for a noncatalytic wall
(NCW) and minimum for a fully catalytic one (FCW).
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Fig. 7 Predicted time histories of the stagnation-point heating rate
with different surface boundry conditions for nonequilibrium flow.
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Fig. 8 Predicted time histories of the stagnation-point pressure coeffi-
cient for different surface boundary conditions for nenequilibrium flow.

As demonstrated through the results presented earlier, the HVSL
method provides the correct trend for various flowfield and surface
quantities with low density effects. For the trajectory heating calcu-
lations shown in Figs. 7a and 7b, the differences between the HVSL
and VSL methods may be noticed for times prior to 1300 s (or alti-
tudes greater than about 225,000 ft). Also, the reasons for including
slip in the calculations are compelling for design considerations. In
Figs. 7aand 7b, the inclusion of slip effects results in a heating reduc-
tion of 10% or more at altitudes as low as 190,000 ft (or time 2820 s).
These results, if applied to a transatmospheric vehicle (whose design
may contain many linear feet of leading edges), suggest significantly
less total heating and correspondingly lower cooling requirements.
This saving in cooling requirement could translate to larger payload
capability. Note here that a smaller nose radius would show even
larger influence of slip effects than shown in Figs. 7a and 7b, and
that would persist to altitudes lower (or times greater) than those
shown in Figs. 7a and 7b.

For the pressure-coefficient calculations, the VSL predictions
(Fig. 8a) continuously decrease with increasing altitude as noted
earlier, whereas the HVSL predictions (Fig. 8b) increase at higher
altitudes and tend towards the free-molecular-flow value, as seen in
earlier calculations also.

Conclusions

The investigation demonstrates the ability of higher-order
viscous-shock-layer (HVSL) method to analyze low-density
perfect-gas and nonequilibrium flows past slender bodies. With the
use of higher-order body and shock slip boundary conditions, the
HVSL equations provide physically consistent results similar to a
Navier-Stokes (NS) calculation, but with significantly less compu-
tational time and storage requirement. Extensive comparisons of
the HVSL results with those obtained from the direct simulation
Monte Carlo (DSMC) method, Langley Aerothermodynamic Up-
wind Relaxation Algorithm (LAURA) code, and a stagnation-region
NS code are included under varying degrees of low-density flow
conditions. The high-order body and shock slip conditions are also
implemented with the viscous-shock-layer (VSL) equations. Even
though the higher-order body-slip equations improve on earlier VSL
predictions, the VSL equations still fail to give physically consistent
results (especially, for the pressure coefficient) under fairly low-
density conditions. As demonstrated through comparisons with the
HVSL and NS results, reason for the failure of the VSL method at
low density lies in the omission of higher-order terms in the govern-
ing equations, and not in the slip boundary conditions as claimed by
earlier researchers. The inclusion of slip effects gives a significant
heating and drag reduction below the no-slip results and could be
very beneficial from a design perspective.

Appendix: Coefficients for the Second-Order Equations

For the steady-state HVSL equations for perfect-gas and nonequi-
librium flow, the coefficients oy, a3, o3, o3, and o4 appearing in Eq.
(1) are defined as follows:

1) s-Momentum (perfect gas and nonequilibrium flow), W = i:
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2) Energy (perfect-gas flow), W = H:
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where the HOT are given by Eq. (A11).The quantities w; and w,, in
Egs. (A14) and (A15), which appear in the temperature form of the
energy equation, are related to the rates of production'® 1; through

S .
D by = vy + T Tentbaaths (A1)
i=1
4) Species continuity (nonequilibrium flow), W = C;:
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for binary diffusion,'?

The quantities w? and ! appearing in Eqs. (A20) and (A21) are
related to the production rates 1;through the equation

2 @ - Co! (A25)
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